
Mathématiques 3NA Ch6 : Géométrie vectorielle

Théorème « Produit vectoriel en composantes »

Soit v⃗(
v 1

v 2

v 3
) et w⃗ (

w1

w2

w3
) deux vecteurs de l’espace ℝ3 . Alors v⃗ x w⃗=(

v 2⋅w3−v 3⋅w2

−(v1⋅w3−v3⋅w1)

v1⋅w2−v 2⋅w1
)

Démonstration

On écrit : v⃗=v1 (
1
0
0)+v2 (

0
1
0)+v3 (

0
0
1)=v1⋅⃗i +v2⋅⃗ j+v3⋅⃗k  ; de même w⃗=w1⋅⃗i +w2⋅⃗ j+w3⋅⃗k

car [ARG 1: …...…………....…………………………………………..........…...........…]

On a : v⃗ x w⃗=(v1⋅⃗i +v2⋅⃗ j+v3⋅⃗k) x(w1⋅⃗i +w2⋅⃗ j+w3⋅⃗k ) , 

car [ARG 2: …...…………....…………………………………………..........…...........…]

                  =[(v 1⋅⃗i ) x (w1⋅⃗i )]+[(v1⋅⃗i ) x (w2⋅⃗ j)]+[(v 1⋅⃗i ) x (w3⋅⃗k )]

                                +[(v2⋅⃗ j) x (w1⋅⃗i )]+[( v2⋅⃗ j) x (w2⋅⃗ j )]+[( v2⋅⃗ j) x (w3⋅⃗k )]

                                                      +[(v 3⋅⃗k) x (w 1⋅⃗i )]+[(v3⋅⃗k ) x (w 2⋅⃗ j )]+[(v3⋅⃗k ) x(w3⋅⃗k )]

     car [ARG 3: …...…………....................……………………………………...….....…]

                  =[v1w1⋅( i⃗ x i⃗ )]+[v1w 2⋅( i⃗ x j⃗ )]+[ v1w 3⋅( i⃗ x k⃗ )]

                                +[v2w1⋅( j⃗ x i⃗ )]+[v2w2⋅( j⃗ x j⃗)]+[v2w3⋅( j⃗ x k⃗ )]

                                                      +[v3w1⋅( k⃗ x i⃗ )]+[ v3w2⋅( k⃗ x j⃗)]+[v3w3⋅( k⃗ x k⃗ )]

     car [ARG 4: …...…………....................……………………………………...….....…]

                  =[v1w1⋅⃗0 ]+[v1w2⋅⃗k ]+[v 1w 3⋅(− j⃗)]

                                +[v2w1⋅(− k⃗ )]+[v2w2⋅⃗0 ]+[v 2w 3⋅⃗i ]

                                                      +[v3w1⋅⃗ j ]+[v3w 2⋅(− i⃗ )]+[v3w3⋅⃗0 ]

     car [ARG 5: …...…………....................……………………………………...….....…]

                  = 0⃗+(v2w3−v3w2) i⃗ + 0⃗+(v3w1−v1w3) j⃗+ 0⃗+(v1w2−v 2w1) k⃗

     car [ARG 6: …...…………....................……………………………………...….....…]

                  =(v2w3−v3w2) i⃗ +(v 3w1−v1w3) j⃗+(v1w2−v2w1) k⃗

     car [ARG 7: …...…………....................……………………………………...….....…]
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                  =(v2w3−v3w 2)(
1
0
0)+(v3w1−v1w3)(

0
1
0)+(v1w2−v2w1)(

0
0
1)

     car [ARG 8: …...…………....................……………………………………...….....…]

                  =(
v2w3−v3w2

v3w1−v1w3

v1w2−v2w1
)

     car [ARG 9: …...…………....................……………………………………...….....…]

                  =(
v 2w3−v3w2

−(v1w3−v3w1)

v1w2−v 2w1
)

     car [ARG 10: …...…………....................……………………………………...….....…]
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